We study the asymptotic zero distribution of Laguerre L ( n ) n and generalized Bessel B ( n ) n polynomials with the parameter n varying in such a way that the limit of n=n exists. Our approach is based on a non-hermitian orthogonality satisÿed by these sequences of polynomials. In the cases that remain open we formulate the corresponding conjectures.
Introduction and statement of results
The deÿnition and many properties of the Laguerre polynomials L ( ) n can be found in Chapter V of Szegő's classic memoir [16] . Given explicitly by
or, equivalently, by the well-known Rodrigues formula
they can be considered for arbitrary values of the parameter ∈ C. In particular, (1) shows that each L ( ) n depends analytically on and no degree reduction occurs: deg L is well known. In particular, all their zeros are simple and belong to [0; +∞). In the general case, ∈ C, L ( ) n (z) may have complex zeros; the only multiple zero can appear at z = 0, which occurs if and only if ∈ {−1; −2; : : : ; −n}. In this case we have
which shows that z = 0 is a zero of multiplicity k for L 
This shows that every zero of L ( ) n di erent from z = 0 must be simple. In what follows we deal with sequences of Laguerre polynomials where depends on the degree n. For the sake of simplicity, we will restrict ourselves to real parameters, although the approach described below works equally well in the complex case.
Assume that { n } is a sequence of real numbers such that the limit
exists. We are interested in the asymptotic zero distribution of the sequence of polynomials {L
n }. From the classical situation it is known that in order to obtain an informative picture a proper scaling in the variable is needed. Thus, consider the sequence
With each p n we can associate its normalized zero-counting measure n = (p n ), such that for any compact set K in C,
(the zeros are considered taking account of their multiplicity). Our main goal is to study convergence of the sequence n in the weak- * topology and, if the limit exists, to ÿnd it explicitly. The situation A¿0 is essentially "classical"; for n su ciently large all zeros belong to R + = [0; +∞), and the problem of their asymptotic distribution can be tackled by di erent means: using the equilibrium measure on R + in presence of an external ÿeld (see [12] ), or by the integral representation of p n (see e.g. [1, 3, 5] ).
The main result of the paper is the following theorem: Theorem 1. Let the sequence of (generalized) Laguerre polynomials p n in (6) satisfy (5) with A ∈ R \ [ − 1; 0]. Then there exists a unit measure such that n * → ; n → ∞: The support of is a simple analytic arc ; symmetric with respect to R; with endpoints
• In the case A ¿ 0; = [ − ; + ] ⊂ R + ;
• In the case A ¡ − 1; − = + ; ⊂{z ∈ C: Re z6A + 2} and is given by the equation
where
. This is the canonical projection of a trajectory of the quadratic Fig. 1 ) Furthermore; in all cases is absolutely continuous with respect to the linear Lebesgue measure on and
If n ∈ {−1; −2; : : : ; −n}, no Dirac deltas (mass points) occur in any limit measure . Indeed, by (1),
from which the statement follows. Furthermore, we have the following conjecture:
Conjecture 2. Assume that n ∈ {−1; −2; : : : ; −n} and that we have (5) with A ∈ [−1; 0]. Then (7) holds; and is absolutely continuous with respect to the linear Lebesgue measure on = supp( ) with its density given by (10) . Now
• In the case A = −1; − = + = 1 and is a closed curve around the origin passing through 1 and a point in (−∞; 0). This is the well-known Szegő curve (see [15] ); deÿned by the equation The "instability" of the asymptotic behavior of the zeros with respect to the parameter n is curious: if n =n → A ∈ (−1; 0) in such a way that n ∈ {−n; : : : ; −1} , then by (3) the limit distribution will have a mass point (of weight |A|) at z =0; nevertheless, just a slight perturbation of n 's moving them apart from the forbidden values {−n; : : : ; −1} leads to an absolutely continuous sweeping all the mass out to the curve . This phenomenon illustrates the well-known instability of the multiple zeros of a polynomial with respect to perturbations of its coe cients.
The generalized Bessel polynomials B ( ) n can be deÿned as
The asymptotic distribution of their zeros has been studied (for a ÿxed and using a di erent technique) in [2] . Here we can obtain a more general statement as a consequence of Theorem 1.
. Then the zero-counting measure of the sequencẽ
The support of the limit measure˜ is a simple analytic arc ; symmetric with respect to R; with endpoints 
100 (z=100) and the curve = supp˜ .
•
2 } and is given by the equation
. This is the canonical projection of a trajectory of the Fig. 3 ) Furthermore; in all cases˜ is absolutely continuous with respect to the linear Lebesgue measure on and its density is
Note that Eq. (14) was obtained for A=0 in [9] . Moreover, it proves a conjecture posed by Pasquini [10, Conjecture 7:3] related to the limit points of zeros of the sequence B ( ) n (2z=(2n+Re −2); ∈ C ÿxed. Indeed, as it was pointed out above, the proof of Theorem 1 is valid for complex sequences of { n }; we restricted ourselves to the real case only for the sake of brevity in the exposition.
Finally, Conjecture 2 has an obvious extension to the distribution of Bessel zeros when A ∈ [ − 2; −1].
Proof of the main results
It is well known that for each ÿxed m ∈ N the sequence of Laguerre polynomials {L
n−1 (z); where a n = n + 1; b n = 2n + m + 1; c n = n + m : Applying Gershgorin's theorem it is easy to prove that the zeros of p n are uniformly bounded. Standard arguments on weak compactness of the sequence n = (p n ) show that there exist ⊂ N and a unit measure such that
In what follows, we denote by M(F) the collection of all positive unit Borel measures whose support is on the set F.
An expression for the Cauchy transform of the limit distribution can be derived directly from the di erential equation (4); this idea has been successfully exploited by Sa et al. [11] , and more recently, by Faldey and Gawronsky [4] . Let ∈ C be a zero-free region: for su ciently large n ∈ N; p n (z) = 0 when z ∈ (as we have seen, a neighborhood of inÿnity is one of such regions). Consider the functions
From (4) it follows that h n satisfy the di erential equation
Since h n are analytic and uniformly bounded in , we have, by the compactness principle, that
uniformly on compact subsets of . Thus, taking limits in (17), we obtain that h is an algebraic function satisfying the equation
Hence,
where the appropriate branch of the square root must be chosen.
In particular, we see that the limit exists along the whole set of indices . Expression (19) is not su cient to recover the measure ; we need some additional information on its support. In the classical case A ¿ 0 we have that supp ⊂ R + and can be obtained by means of the well-known Stieltjes-Perron inversion formula. For A ¡ − 1 this information is not available in advance, and we proceed in a di erent way, namely using a non-hermitian complex orthogonality, satisÿed by Laguerre polynomials.
By C we denote the extended complex plane C ∪ {∞}. Let F be the class of closed Jordan analytic curves in C \ [0; +∞) such that each F ∈ F contains ∞, is symmetric with respect to R, and for a su ciently large k ¿ 0 the intersection F ∩ {z ∈ C: Re z¿k} consists of two parallel rays.
Integrating by parts successively the Rodrigues formula (2), it is straightforward to obtain the following result: Proposition 4. Assume that ¡ − n; n ∈ N. Then; for any F ∈ F; Here the integral is understood in terms of the analytic continuation of any branch of the integrand along F.
The main tools for the study of the weak asymptotic behavior of polynomials satisfying a non-hermitian orthogonality have been developed in the seminal works of Stahl [13] and Gonchar and Rakhmanov [6] . They showed that when the complex analytic weight function depends on the degree of the polynomial, the limit zero distribution is characterized by an equilibrium problem on a compact set in the presence of an external ÿeld; this compact set must satisfy a symmetry property with respect to the external ÿeld. For any positive Borel measure on C, such that
we can deÿne its logarithmic potential
Following [6, 12] , let F ⊂ C be a closed set and : F → (−∞; +∞] a lower-semicontinuous function such that (z) ¡ + ∞ on a subset of F of positive capacity. If F is unbounded in C, we require additionally that
It is known that there exists a unique element = (F; ) ∈ M(F), characterized by the equilibrium property
The formula above must be understood in the sense "quasieverywhere", i.e. everywhere with a possible exception of a set of zero logarithmic capacity. With the assumption (21), supp( ) will be a compact set of positive capacity contained in {z ∈ F: (z) ¡ + ∞}. The measure is the equilibrium measure (under the external ÿeld ) and c is the corresponding equilibrium constant; for details, see e.g. [6] or [12] .
A closed set F ⊂ C will be called regular if it is a union of a ÿnite number of Jordan closed curves or arcs; in such a case, denote by F 0 the set F minus the endpoints of the arcs (if they exist). We say that F has the S-property in the external ÿeld ,
is a harmonic function in \ {∞}, where is a neighborhood of F; (ii) The support = supp( ) of the equilibrium measure = (F; ) is a regular set;
where n − = −n + are the normals to 0 . This deÿnition di ers only slightly from that given in [6] . Finally, a polynomial P(z) is spherically normalized if
We denote the set of spherically normalized polynomials of degree 6n by P * n . The main result connecting the complex non-hermitian varying orthogonality with the equilibrium and the S-property was established in [6] . In order to cope with the inÿnity, it was modiÿed in [7] . Here we state without proof a version of this result (see [7, 8] 
Theorem 5. Let F be a simple closed Jordan arc in C; its neighborhood; and * = \ {∞}. Assume that a sequence of functions w n satisÿes the following three conditions:
(i) w n are analytic and single-valued in * and
uniformly on compact subsets of * ; (ii) (F; ) ∈ S and C \ is connected; where = supp( (F; )); (iii) Given a sequence Q n ∈ P * 2n and a constant R ¿ 0; let F R = F ∩ {|t|¿R} and
If a sequence of polynomials p n ≡ 0; degp n 6n; satisÿes the non-hermitian orthogonality; F p n (t)t k w n (t) dt = 0; k = 0; : : : ; n − 1; n ∈ N; (24)
Now we can conclude the proof of Theorem 1. For the sake of brevity, we consider only the case
the proof for A¿0 follows the same path, but with a simpliÿcation due to the fact that supp ⊂ R + . 
Thus, in order to obtain the asymptotic distribution of zeros we need to establish the existence of a compact F ∈ F with the S-property, satisfying (ii) of Theorem 5. Let + and − be the zeros of the polynomial D deÿned in (19), so that
For any simple Jordan arc ⊂ C with endpoints at − and + , we can deÿne in = C \ a single-valued branch of the analytic function g. Thus,
deÿnes a multi-valued analytic function in \ {0}. Observe that the residues of g at 0 and at ∞ are real, so that
is a single-valued harmonic function in \ {0}. Moreover, by (29) its boundary values on K satisfy
Thus, W extends as a single-valued harmonic function on the Riemann surface R of w 2 = D(z), whose only singularities lie over 0. Analogously, g is analytic and single-valued on R with poles over 0.
Consider on R the set
and let N be its canonical projection on the plane C.
consists of a union of analytic curves and arcs, with the only possible endpoints at − ; + ; 0 and inÿnity. By deÿnition, these arcs are trajectories of the quadratic di erential −g 2 (z)(d z) 2 . From the well-known results on the local structure of the trajectories (see e.g. [14, Chapter III]) it follows that each − and + is an endpoint of three arcs in N which come together at equal angles 2 =3. Taking into account the sign of the residues at 0 and ∞ it can be readily seen that neither of them can end up at these points. Thus, it follows that
where N − , N + , N ∞ are analytic arcs, symmetric with respect to R, such that It is easy to check that with this choice, the residue of g at 0 is −A=2, which means that the function h(z), given by (19), has a removable singularity at 0.
Deÿne the function
it is analytic and multi-valued in = C \ . By the previous discussion, with the same analytic continuation we have This integral can be computed explicitly, yielding (9) . It remains only to represent the function V as a potential of a unit measure whose support is . By Cauchy's integral formula,
where the path of integration goes along the two sides of the cut and is positively oriented with respect to . Using the deÿnition of g we obtain that h(z) = w(t) z − t dt; w(t) dt = √ D(t) it dt ¿ 0:
This concludes the proof of Theorem 1. On account of (11), the statement of Corollary 3 follows directly from Theorem 1 replacing A → −(A + 2) and z → 2=z.
